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Abstract. The model of economic dynamics, consisting of two units that produce,
respectively, means of production and objects of commodities. We investigate the
equilibrium state of the model. The technique of superlinear mappings is used. The types of
equilibrium model are defined.
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1. Introduction

Consider the two-product model Z, of the economic dynamics. The first
unit produces the means of production, and the other objects of commaodities. The
vectorx:(xl,xz)e(Rf)2 is a model state: here x' :(Ki, U)e R?; K'are the
main funds, L' - labor force in the i-th division (i =1,2). Production activity of
the i-th sector at the time tis described by the production function F,':R?> —R,
and safety coefficient 0 <v! <1 (i =1,2) of the funds [1,2,6].

The rate of the salary which coincides in the first and in the second
divisions is assumed known. Switching from state X, :(Ktl, L, K/, Lf)to state

Xin = (Kt1+1' LLI’ Kt2+l7 Lf+1)is possible if

Ko+ K2 VKD +ZKE + UK L), (1)
a)Hi (L]I.+l + I—irl)S th (Ktz’ Ltz)’ (2)
K L
1 141 H
Ft (Kt ) Lt): mln(c_tltl’c_t;l], (3)
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2 2
F2(K2,12)= min[CK—tltz, (;2 J (@)
Cl>0 (i,j=12)

Here the coefficients C' stand for the the product number of the i-th
division that is necessary for producing the unit product of the j -th division at the
momentt. Denote by a, productive mapping of the model [3,5]. The set a,(X,)
consists of the vectors X, ,, for which the relation (1) and (2) are valid.

2. Main results. Investigating the model Z, we use the simple superlinear
mappings [3,5] of the form

o(K,L) = {(Kl, L) [K 20,82 0,K  + ol <VK + mm(géj} (5)
where C' >0, C*>0 [24].

We write Neumann-Gale model [4] Z , defined by the mapping o in the
form Z = (o, »,C",C?).

Consider the function

. 1
f(n)= mm(&,gj, n>0. (6)
Lemma 1. Let
v+ f
o) =211 g, %
n+w

. 1 . L
where v,@ are some constants. Then if a)v<F, the function g attains its

1
minimum in the interval (0,+c0), moreover at the only point 77:?. If

1 . Co o
vV = cz’ then the function g strictly increases in this interval.

Proof. Using (2) and (3) we get

1 1
77V+E V77+F
n+o | n+o

(8)

max g(»7) = max min
n>0 n>0

Consider the function
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(2] e
=2, Py =—F
n+ow n+ow

Q) =

The function Q(n) increases and Q(0) =0, lim Q(n) =v+é. The
n—>+0

function P®(77) by cov<é decreases and P(0) >0, lim P()=v.
1—>+0

Moreover both these functions are continuous. From these properties of the
functions Q(#), P(r7) and from (8) it follows that the maximum in (8) is reached

at the point m that indeed a solution of the equation

Q(77) = P(n).

1
It follows from this that 77:%. If a)vzé, then P(7) and the function g(n)

increases in the interval (0,+oo). Lemma is proved.
Take Z = (v, ,C, Cz). Here and later on we’ll use the denotations

ct . 1
5 if a)V<F

7(Z)=1C¢ )

. 1
+ 00, if OJ\/ZF,

1+vC' . 1
l—a)c:z, if aV < F
a(z)={¢ " . (10)
v, if ov> F
It is easy to derive ~ a(Z) =supg(r) (11) from the proof of Lemma 1
n>0

where g is a function defined by formula (8).
Note. Later we shall consider the product function of the form

F(K, L):bmin(il,%j. Since considering Lemma 1 in the virtue of
cC

Lemmal the number 1 depends not on the coefficients Cl, C? but their ratio, for
the mentioned functions T does not depend on b .

Proposition 1. Consider the model Z:(v,a), Cl,Cz). Let the point
(K,L)be such that
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vK +min ﬁ,i vK + min K,L
cl'c? c''c?
max = (12)
K20,L20 K+ wlL K+ ol

and K+wL=1. Take pP=(L w). Then the triplet (a(Z),X,Pp) forms the
equilibrium state for the model (v, @,C*,C?) and
ct — C?
~ = 13
C!'+ wC? C'+wC? (13)
2) if wvziz, thenK =1,L =0.
C

vK +min[(|:<l,cl:'2j

1)ifwv<i2,then K=
C

Proof. It is clear that

max =Ssu =a(Z 14
K vl upg(n) = a(2) (14)

1 . . . .
By @v<-—_; in the virtue of Lemma 1 supremum in (11) is reached at
C

l —_— — — —_— K —_— —_—
n(2) :%. Let the vector x=(K,L)is such that n(Z):%, K+olL=1
— c! _
Since 1(Z) :C— it is easy to check that K,L are calculated by the formula

(13).

If wv > é then following Lemma 1 the function g(n) increases in the

interval (0,+0), and from this we get (K,L)=(1,0). The triplet (a.(z),X, P) is
an equilibrium state if the following relations are true:
1) a(Z)x ea(x), where X =(K,L);
2) [P, ylI<a(Z)[p, x]for y e a(x);
3) [P, X]> 0. The last inequality is obvious.
The first relation immediately follows from (5).
Now we show that for all y e a(x) the inequality [p, Y]< a(2)[P, X]is
valid. Let x=(K,L), y = (K',L"). Then from (5) we have

[P,y]=K'+aolL'<VK +min(g,c—|}].
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L
VK + mln( Czj
Since a(Z) = for any (K,L), then
K+ ol

[p.y]< VK + min(g,c—l'zj <a(Z)[p.x].

Proposition is proved.
First let us consider the stationary case of the model Z, given above:

Vi =V, @ =w,C) =C" forall t =01,2,...; i, j =1,2. In this case the model Z,

turns to Neumann-Gale model Z [4].
One way to construct a trajectory in the model Z is the use of equilibrium
mechanisms [3]. We describe these mechanisms. Assume that the vector of prices

p= (pl, pz)is given. Without loss of generality, we assume that the price of the

funds is p'=1; it is prefer to writt p”*as p’>=bw and then we have
p = (1, bw), where b >0. Consider the expected combined wealth of the divisions
at these prices and vector resources x = (K, L)

K L
W(x, p)=V K+m|n(Cll C”J'
K (15)
W2(x, p)=V K+bmm(c12,czzj
Then W'and W?are considered as utility functions of the production
units. Let (K,L) be a vector distributed resources, A',A’be given budgets of the
units. Consider the equilibrium model M with fixed budgets, determined by the
guantities WEW?2 A 22, (K, L).
Let
K , c" c* Ut 1 ) b
X=(K,L)|Z=T11 CZl,Z _0221 W!u ZW
Assume that (q,x',x?)is an equilibrium state of this model, i.e.

(16)

x' + x? = X and the vector X' is a solution of the problem
W'(x, p) — max (17)
with condition x>0, [q,x]<A (i=12).
Denote by such a vector X' that [q,X']=1 and
W'(x',p)_ . W'(xp)

. 8
QX1 5 o (9
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Then the equilibrium vector x' has a form
x' =A% (i=12) (19)
Let us show the form of an equilibrium state depending on the assets
1

;(:% of the state (K,L) and parameter u:%. Let q:(ql,qz) be
equilibrium prices. First of all let us note that q">0. Really, if ' =0 then

> >0 and the problems (17) turn to

maxW ' (x, p) =+,
g’L<i

and this contradicts to the definition of equilibrium. In this way
q' >0. (20)

2
Consider the model (Vl,q—l, c*, CZIJ . Taking ' =% (i =1,2) we obtain
q

vz +min i,i
Wl(X, p) B 1 Cll CZl

max — max 5 , (21)
x20 [q,x] q o q°
n+-3
q
As is shown in Lemma 1, the last maximum is reached on the assets
771 _ )(11 if q2 <q1ul ; (22)
+oo, if g*>q'u’.
| 1
Now let’s consider the model vz,q—l,—C”,—C22 .
g b b
Making the similar consideration as above, we get
. 1
v277+bm|n(77 j
2 12! 22
maxw=ilmax (2: C , (23)
x20 [q,x] q 0 i
n+-—
q
and
2 H 2 1,,2
_ o, if g°<qu”,
7 { o (24)
+oo, If Q°>qu”.
Let vV!=v?=0.If " >0, then the equilibrium
; O A ; .
n=xx=——(x'1 i =12). 25
m e (=12 (25)
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Since is always true the user tasks (21) and (23) may have solutions (22)
and (24) respectively, it becomes possible to describe the state of equilibrium of

model M . The following numbers y, u, 7', u' (i=1,2) used below are defined
by (16).

Suppose E :(q,xl,xz) is an equilibrium state of the model M,
q= (ql,qz)are equilibrium prices. We say that this equilibrium is of type E' if

2 2
q° =0, of type E?, if u* < 9t of type E°, if ut < <u?and of type

1 1

2
E*, if EF—<|nin(u1,u2).

Theorem 1. The model M may have only E! E? E® and E*types of
equilibrium. And the equilibrium E* where

i) e () ¢o Ll @ oo

Q\ x Q\ x L

is realized if and only if

y=x"=x"and pn>0;
The equilibrium E *where

1 x

/12
X :—(Zlyl)l Xz :_(1'0)’
gzt +9° q

ql:/l—2 q2 :l(ﬂ}_ﬁJ
(x-xL L 1-x

is realized if and only if

tru? rut
x> w Ersp<t
X=X XX
The equilibrium E 2, where
A o
X'=—"(1,0), X*=—2"— (%)),
qlxl_i_qz( ) q1;52+q2 ("D
q = x qz_l 2 Ayt
(r-21 LU x-2%)

is realized if and only if

2 2
ZZ Zz< SZZ Zl;
¥ +u ¥ +u

z>y° and
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The equilibrium E*, where
A s
X'=———D, X=—73—u"D),
qx +q° qx +q°

q]_:l( /11 ~ /12 J qzzl[ 1211 _ ZIZZ }
L\x-1* r-x L\x'-x -1

is realized if and only if
¢ A2 xrmin) o z-2 x 26)
2= x°+min(u',u?) r-xx

'<y<y an

or

2_ 2_ '+ min(u'u®

AR PPV S A AL CL S Y
X=X x—x x +min(u,u’)

Note 1. More interesting the case is when K' #0,L' #0,q' #0 (i =1,2)

takes place in the equilibrium. This case is possible only under the condition (26)
or (27) (see Fig. 1, Fig.2).
On the Fig.1 (correspondingly Fig.2) the set of points (u, ¥) is given, by

r<y<y?an

which the equilibrium E? E® E*is realized for the case y° < y* (y* < x°).

Note 2. If the pair (u, ) does not belong to one of these sets given in
Figure 1 and Fifure 2 then in the corresponding model M there exists only semi-
equilibrium, i.e. a such vector of prices qmay be found that only the inequality
X'+ x2 < X is fulfilled and x* + x? = X for the vectors x*,x*that are solutions

of the
LLA
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Figure 1.
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Figure 2
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O cocTosTHUM PaBHOBECHS B IBYXCEKTOPHOM MOJeTH IKOHOMHUYECKOMH
AUHAMUKH

C.A. I'amupnos
Bakunckuit 'ocynapcrBennsiii YauBepcuret, Kadbenpa MatemaTuueckoi
Kubepneruku, baky, Azepoaiimkan
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PE3IOME

PaccmaTtpuBaeTcss  JBYXCEKTOpHas ~ MOJENb  OSKOHOMHYECKOW  JMHAMUKH,
MPOU3BOJISIIUX COOTBETCTBEHHO CPEICTBA MPOM3BOJCTBA M NPEAMETHI HOTPEOICHMS.
Hccnenyercss  cocrossHMEe  paBHOBECHS MOJENM C  IIPUMEHEHHEM  ammnapara
MHOT'03HAYHBIX 0TOOpakeHn . ONpeensFoTCS COCTOSHHS PaBHOBECHS MOJEIIH.
KnroueBble ciioBa: paBHOBecHe, 3(Q()EKTHBHBIE TPACKTOPHH, CYIEp JIHHEHHbIE
0TOOpaKeHMS, IPOU3BOJCTBEHHBIE (DYHKIINH.
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